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Abstract 

We prove an extension theorem for a small perturbation of the 
Ornstein-Uhlenbeck operator {L,D{L)) in the space of all uniformly 
continuous and bounded functions f : H ^ M, where H is a sepa- 
rable Hilbert space. We consider a perturbation of the form NQip = 
Lip + {Dip, F) where F : H ^ H is bounded and Frechet differen- 
tiable with uniformly continuous and bounded differential. Hence, we 
prove that A'^o is m-dissipative and its closure in Cb{H) coincides with 
the infinitesimal generator of a diffusion semigroup associated to a 
stochastic differential equation in H. 

Key words: Ornstein-Uhlenbeck semigroup; m-dissipative operator; 
Lumer-Phillips theorem. 
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1 Introduction and setting of the problem 

Let H he a separable Hilbert space endowed with scalar product (■, ■) and 
norm | ■ |. We shall always identify H with its topological dual space H*. 
C{H) is the Banach space of all the linear and continuous maps in H, endowed 
with the usual norm || ■ \\c(h)- With Cb{H) (resp. Ch{H;H)) we denote the 
Banach space of all uniformly continuous and bounded functions f : H ^ M. 
(resp. f : H ^ H), endowed with the supremum norm || ■ || (resp. || ■ ||o). 



1 



We also denote by Cl{H) (resp. Cl{H; H)) the space of all / G Cb{H) (resp. 
f : H —>■ H) that are Frechet differentiable with differential in Ci,{H; H) 
(resp. with uniformly continuous and bounded differential Df : H C{H)). 
We assume the following 

Hypothesis 1.1. (i) A'- D{A) G H H is the infinitesimal generator 
of a strongly continuous semigroup {e^'^)t>o of type Q{l,u), i.e. there 
exists C(j G M such that 

||e*^|U(H) < e-*, t>0; (1) 

(a) Q E C{H) is self adjoint and positive; 
(Hi) For any t > the linear operator Qt, defined as 



Q^x = [ e'^Qe'^'xds, xeH, t>0, (2) 
Jo 

is of trace class. 

(iv) F eCl{H-H), and K = s\x^\\DF{x)\\c[H)■ 
x:^H 

It is well known (see, for instance, [Mill]) that thanks to conditions (i)- 
(iii) it is possible to define the so called Ornstein-Uhlenbeck (OU) semigroup 
{Rt)t>o in Cb{H) by the formula 



Rt^ix) = / (^(e*^x + y)NQXdy), x e H, 
Jo 



(3) 



where Nq^ is the Gaussian measure on H of mean and covariance oper- 
ator Qt (see [mH]). It turns out that the OU semigroup is not a strongly 
continuous semigroup in Ch{H) but it is a weakly continuous semigroup (see 
pUlfT]) and a vr-semigroup (see [30,[7]). However, it is possible to define its 
infinitesimal generator in the weaker sense 



D{L) = Le C,{H) : G C,{H), lim ^''^^''\ ^^"^^ = g{x), 
[ t~*o+ t 

P.,n - m 

X G H, sup 

te{o,i) 

L^(x) = hm ^eDiL),xeH. 



RtV - V 


< oo| 


t 





(4) 
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We are interested in the operator [Nq, D{Nq)) defined by 

iVo(p = + ^<^, D{No) = D{L) n Cl{H), 

where 

J^^{x) = {Dip{x),F{x)). 
Now let us consider the stochastic differential equation in H 

jdXit) = {AX{t) + F{X{t)))dt + Q^/^dW{t) t > 0, 
\x(o) = x xeH, 



(5) 



where (W(t)t>o is a cylindrical Wiener process defined on a stochastic ba- 
sis (fi, JF, (jFi)t>o, P). Since F e Cl{H]H), problem © has a unique mild 
solution (X(t, (see [HlllJ), that is for any x E H the process 
{X[- ,x))t>Q is adapted to the filtration {J-'t)t>o and it is continuous in mean 
square, i.e. 

limE[|X(t,a;) = 0, Vs > 0. 

This allows us to define a transition semigroup {Pt)t>o in Cb{H), by setting 

Ptipix) = E[ip{X{t,x))], t>0,ipe CbiH), xeH. 

The semigroup {Pt)t>o is not strongly continuous in Cb{H). However, it is a 
TT-semigroup, and we can define its infinitesimal generator {N,D{N)) in the 
same way as for the OU semigroup 



D{N) = {y,e cm : 3g G lim ^''^^''\ ^^""^ = g{x) 

t^o+ t 

P.m - m 

X & H, sup 





< oo| 


t 





Nip(x) = lim ^*'^(^) '^(^) ^ ^ e ^(jv), x G 
^ t^o+ t 

The main result of this paper is the following 

Theorem 1.2. Let us assume that Hypothesis holds. Then, the operator 
{No, D{No), defined by D{No) = D{L) f] Cl{H) and N^ip = Lip + T^, Vy? G 
D{Nq), is m-dissipative in Cb{H) and its closure is the operator {N,D{N)). 

In 0012], it is proved that Theorem O holds with F G CI'\H; H), that 
is F is Frechet differentiable and its differential DF : H —>■ C{H) is Lipschitz 
continuous. 
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Perturbations of OU operators as been the object of several papers (see, 
for instance, PElUjHBtrdBSligHbt lS]). Frequently, additional assumptions are 
taken on the OU operator in order to have D{L) C Cl{H). 

In order to prove Theorem 11.21 we develope a technique introduced in 
[2E1I2]. The idea is the following: since F G Cl{H; H), there exists a unique 
solution ri{-,x) of the abstract Cauchy problem 

^?7(£:, x) = F{ri{e, x)), e> 0, 
ri{0, x) = X, X E H. 

Then, for any e > we define the operators JF^ : Cb(H) Cb{H) and 
N, : DiN,) C CtiH) ^ C,{H) by setting 

J^rMx) = ^ {<^{7]{e, x)) - i^{x)) , 
D{N,) = D{L)nCl{H), 

By an approximation argument, we are able to prove that the operator 
{No, D{No)) is m-dissipative in Cb{H). Then, by the Lumer-Phillips theo- 
rem, it will follow that the closure of {No, D{No)) coincides with the operator 
{N,D{N)). 

1.1 Properties of J^^ 

The following lemma collects some useful properties of t]. 

Lemma 1.3. The following estimates hold 

|r/(t,a;)| < ell-^ll"*|a;|; (6) 

\7]{t,x)-r]{t,y)\<e'''\x-y\- (7) 

\v{t,x) - x\ < c\\F\\ot (8) 

M,x)\\ciH)<e''' (9) 

\\Vx{t,x) - r],{t,y)\\ciH) < e'''9nF{e'''\x - y\), (10) 
where O^p : R"*" x ]R+ ]R+ is the modulus of continuity of DF. 
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Proof. ®, dHD, ® have been proved in 00 [21 Lemma 2.1]. 
dH). We have 

\r]{t,x) -r]{t,y)\ 

<\x-y\+ \F{r]{s,x)) - F{r]{s,y))\ds 



<K I \ri{s,x) - ri{s,y)\ds. 
Jo 

Then ([7]) follows by Gronwall's Lemma. 
(fTOl) . Let x,y,h E H and set 



r\t) = r],{t, x)-h- r],{t, y) ■ h = p\t, x) - p\t, y), 

where P^{t, x) = rix{t, x) ■ h and p^{t, y) = rix{t, y) ■ h. Then r'^it) fulfills the 
following equation 

j^r\t) = DF{7^{t, x)y{t) + [DF{r,{t, x)) - DF{r]{t, x), t>0 

r'^(O) = 0. 

Since \DF{'r]{t,x))r^{t)\ < K\r''{t)\ it follows that r''(t) is bounded by 
\r\t) I < £ e^(*-^) ||Z}F(r/(s, x)) - DF{r,{s, y))\\^^^^ \p\s, x)\ds. 

By taking into account that DF : H jC{H; H) is uniformly continuous 
and bounded, we denote by 9df the modulus of continuity of DF. Hence, 
by (CD, (E]) we have 

|r'^(t)|< f e''^eoFMs,x)-v{s,y)\)ds\h\ 



□ 



<e^%^(e^*|a;-y|)|/i| 



Proposition 1.4. For any if G Cl{H) we have 



lim = in Cb{H). (11) 
||.F,v^|| < pv^||o||F||o. (12) 
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Proof. For all ip G Cl{H) we have 

1 r 

Te'^{x) - T(p{x) = - I {Dip{7]{s,x)) - Dif{x),F{r]{s,x))) ds 
^ Jo 

+- [ {Dip{x),F{ri{s,x))~ F{x))ds. 
£ Jo 

Then by (IHl) we have 

<- [ i\eDA\vis,x)~x\)\\F\\o+\\D^\\oK\r]is,x)-x\))ds 
^ Jo 

< - r (^^D^(||F||os|)||F||o + \\Dy,\\oK\\F\\os) ds 
^ Jo 

<{eD^{\\F\\oe\) + \\D^\\oKe) \\F\\o 

where 6'£)<^, is the modulus of continuity of Dip. This yields f fTTj) . Moreover, 
we have 

J^e'^{x) = - / {D'p{ri{s,x)),F{7]{s,x)))ds 
^ Jo 



that implies (fT2|l . 



□ 



1.2 m-dissipativity of A^. 

Given £ > we introduce the following approximating operator 
N, = L + T,, D{N,) = D{L) n Cl{H). 

We have 

Proposition 1.5. A^^ is a m-dissipative operator in Cb{H) for any e > 0. 
Moreover, for any f G Cl{H) and any X> oj + (e^^ ~ 1)/^ ^he operator 



i?(A,iV,)= (l-r,)-ii?(^A + ^,L^ 



where T\ : Cb{H) — > Cb{H) is defined by 

Tx^{x) = r(^\ + ^,L^ ^^iv{^,x)) 
maps Cl{H) mto D{L) n Cl{H) and 
\\DR{X, N,)f Wo < 



xeH,ije Cb{H) (13) 



A — a; 



tII^/II< 



(14) 
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Proof. Let e > 0, A > 0, / G Cb{H). The equation 
is equivalent to 



e 



and to 



^, = R(X + -,L]f + Tx^, 



Since, as we can easily see, for any A > 



l + \e 



(15) 



(16) 



the operator Tx is a contraction in Cb{H) and so equation fllSp has a unique 
solution (p, e CbiH) done by (f^ = R{X,N,)f. Moreover, by ([13]), it 
holds 



\Vs\\ < 



A + 



1 



We 



Consequently, 



bell < T 



Then, is m-dissipative. Now let / G Cl{H). We recall that for any A > 0, 
^ e C,{H) 

(17) 



i?(A, L)V^(x) = / e-^^Rti){x)dt 



and that 



Jh 

Hence, for any A > u; 

DR{\L)ij{x) = I / e-^'e'^'D'ilj{e'^x + y)NQ^{dy)dt 
Jo Jh 



and so 



pi?(A,L)^||o<-^||I^V'll 



(19) 



Moreover, as it can be easily seen by (|T8l) . DR{X, L)il) is uniformly continuous. 
Then i?(A, L) : C^^^^) ^ C'b (^)- Now, in order to prove that Tx : Cl{H) 
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Cl{H) it is sufficient to show that tlj{r]{e,x)) G Cl{H), for any e Cl{H). 
Indeed, by a standard computation, we have 

Consequently, by ([7]), ( fTOl) we have 

\D^{viermx)-D^{r]ie,-)){x)\ 

< \\v*x{£,x) - v*x{£,x)\\c{H)W{v{£,x))\ 

+ \K{e,x)\\c(H)W{v{e,x)) - D^{7]{e,x))\ 

< e^^e^^(e^^|x - x\)\\Di;\\o + e^^^B^(|r/(5, x) - v{e,x)\) 

< e'''eDF{e'''\x -x\)\\Dij\\^ + e^^^D^(e^^|x - 

for any x,x & H. So, DT\ip{-) is uniformly continuous. Now we prove that 
Tx is a contraction in Cl{H). By (fT5|) . (|T7I) we have 

TaV'(x) = - / e-("+^)*i?iV>(r/(£,-))(x)dt 

<^+-^H{v{e,e'^x + y))NQ,{dy)dt 



e 

^ Jo J H 

Then 

DTx^ix) 



_ 1 

By (ED it follows 



e-(^+^)*e*^* e'^x + y)Dij{r]ie, + y))NQXdy)dt 

H 



^ io 

■P^llo. 



l + e(A-cu) 

Therefore, for any \> uj + (e^^ ~ 1)/^ the linear operator T\ is a contraction 
in Cl{H) and its resolvent satisfies 

(i-r,)-i(Qi(ij))cQ^(if), 

||D(1 - T,)-V||o < PV^IIo- (20) 

l+£(A-a;) 

This implies 

r{\n;){cI{h)) = {i-Tx)-'r[x + \,l){cI{h))(icI{h). 

Then, A^^ is m-dissipative. Finally, dH]) follows by ([I9l) and ([20]). □ 
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Lemma 1.6. The operator Nq is dissipative in Cb{H). 

Proof. We have to prove that || A(y9 — A^ov^H — Ml'^W ^^Y ^ ^ D{No), A > 0. 
So, if G D{L) n Cl{H) and A > we set 

Xip — Lip — Tip = f. 

then for any e > we have 

Xip - N^ip = f + Tif- Te<^. 

It follows 

if = R{X,N,){f + Tip-T,ip) 

and 

ll^ll < ^(11/11 + 

Then by ffTTl) it follows 

llv^ll < ^11/11- 

□ 

Since A^o is dissipative, its closure A^o is still dissipative (maybe it is 
multivalued). By the following theorem follows Theorem 11.21 

Theorem 1.7. Nq is m- dissipative. 

Proof. Let / G Cl{H), e G (0, 1) and A > + - 1. We denote by the 
solution of 

Xipe - N^(Ps = f. 

By Proposition (fT3D we have ip^ e D{L) f] Cl{H) = D{No), then ip^ is 
solution of 

Xipe - Noipe = f + TeiPe - Tipe- 

We claim that Teipe — Tipe — » in Cb{H) as e — 0+. Indeed it holds 

TeVeix) - Tipe{x) = 

- [ i{DipMs,x)),F{r]{.s,x))) + {Dip,{x),F{x)))ds 
^ Jo 

= - [ i{DipMs,x)) - Dip,ix),Fi7]is,x))) 
£ Jo 

+ {D^e{x),F{r]is,x)) - Fix)))ds. 
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Hence 

< - [ {\D^Ms,x))-Dip,{x)\\\F\\o+\\D^e\\o\F{v{s,x))-F{x)\)ds 
^ Jo 

By (IH]) we have 

\F{r]{s,x)) -F{x)\ < K\ri{s,x) ~ x\ < i^||F||os < K\\F\\oe. 

Notice now that since ip^ = -R(A, N^)f and e G (0, 1), by ffT^ it follows 

\\D^e\\o<ci\\Df\\o, 

for all e G (0, 1), where Ci = {X — uj — Ke^)~^. This also implies 

\D^Ms,x)) - D^,{x)\\, < ci||D/(r/(s,x) + •) - Df{x + Olio 

<c^\eDf{\ri{s,x)-x\)<CrOr>f{\\F\y), 
where Oof '■ is the modulus of continuity of Df. So we find 

< ci||F||o^z)/(||F||o£) + ci||D/||oi^||F||o£. 
Then J-'e'^e — — in Cb{H), as £ — > 0+. Finally, we have obtained 

lim [X(fs - NqlPs] = f 

in Cb{H). Therefore the closure of the range of A — includes Cl{H), which 
is dense in Cb{H). So, since Nq is dissipative, by the Lumer-Phillips theorem 
the closure Nq of Nq is m-dissipative. □ 

1.3 Proof of Theorem 

By Theorem 11.71 the operator A^o is m-dissipative in Cb{H). It is also known 
that if ^ e D{L)n Cl{H), then Nip = Lip + Tip (see, for instance, [OEIIU]) 
and therefore {N,D[N)) is an extension of {Nq, D[Nq)). Finally, since the 
operator {N,D{N)) is closed (see Proposition 3.4 in [30,[7]), by the Lumer- 
Phillips theorem it follows that the closure of (A^^o, D{Nq)) in Cb{H) coincides 
with (A^,D(A^)). □ 
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